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ABSTRACT
The deprojection of the surface brightness distribution of an axisymmetric galaxy does
not have a unique solution unless the galaxy is viewed precisely edge-on. I present
an algorithm that finds the full range of smooth axisymmetric density distributions
consistent with a given surface brightness distribution and inclination angle, and use
it to investigate the effects of this non-uniqueness on the line-of-sight velocity profiles
(VPs) of two-integral models of both real and toy discy galaxies viewed at a range of
inclination angles. Photometrically invisible face-on discs leave very clear signatures
in the minor-axis VPs of the models (Gauss–Hermite coefficients h4 ∼
> 0.1), provided
the disc-to-bulge ratio is greater than about 3%. I discuss the implications of these
hitherto neglected discs for dynamical modelling.
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1 INTRODUCTION
A fundamental problem in astronomy is determining the dis-
tribution of instrinsic shapes of elliptical galaxies. One way
to do this is by assuming that every galaxy is a triaxial ellip-
soid, and then to use simple photometrical and kinematical
information to try to constrain the distribution of axis ratios
of their outer regions (e.g., Binney 1985; Franx, Illingworth
& de Zeeuw 1991; Statler 1994). About a third of all ellipti-
cals, however, have “discy” isophote distortions (Bender et
al. 1989), steep power-law central density cusps, and show
no obvious indications of triaxiality (Faber et al. 1997; Ko-
rmendy & Bender 1996; see also Merritt & Quinlan 1998).
Little is known about the discs that most probably cause
these distortions. For example, it is unclear whether discy
ellipticals form a continuous sequence in disc-to-bulge ra-
tio with S0 galaxies (Scorza & Bender 1995). Moreover, it
is possible that quite large discs could lurk in those power-
law galaxies that do not have obvious isophote distortions:
Rix & White (1990) have shown that even the large discs
in S0 galaxies are photometrically undetectable for about
50% of orientation angles. Therefore, rather than trying to
determine axis ratios for these power-law galaxies under the
assumption of ellipsoidal symmetry, it is perhaps more in-
teresting to use kinematical information to try to determine
(or at least constrain) their full central stellar density dis-
tributions ρ(R, z) under the assumption of axisymmetry.
The ease with which discs can be hidden can be un-
derstood using the Fourier slice theorem (Rybicki 1987):
in Fourier space, the surface brightness distribution of an
axisymmetric galaxy with a given inclination angle i pro-
vides information about the density only outside a “cone
of ignorance” of opening angle 90◦ − i around the galaxy’s
symmetry axis, where i = 90◦ for an edge-on galaxy. Ger-
hard & Binney (1996) have explicitly constructed a family of
disc-like “konus densities” whose Fourier transforms vanish
outside the cone of ignorance, and therefore whose densities
project to zero surface brightness. Thus, the photometric de-
projection problem is not unique for non-edge-on galaxies:
any solution ρ(R, z) is degenerate to the addition of disc-
like konus densities. Further examples of konus densities are
given by Kochanek & Rybicki (1996) and van den Bosch
(1997).
Konus densities are quite difficult to construct analyti-
cally, so a numerical approach is needed to explore the full
range of possible solutions to the photometric deprojection
problem. Such an approach was taken by Romanowsky &
Kochanek (1997; hereafter RK) who used a maximum pe-
nalized likelihood algorithm, penalizing their solutions with
“bias functions” that influenced the shape of the final so-
lution chosen, as well as providing the smoothness criterion
that is necessary for any discrete numerical approximation.
They found that the uncertainties in the deprojection were
even greater than one would expect from the simple an-
alytical examples of konus densities above. RK also used
Jeans equations modelling to predict the projected second-
order velocity moments corresponding to each solution, un-
der the assumption of a constant mass-to-light ratio and
a two-integral distribution function. They found that the
second-order moments were only very weakly affected by
the non-uniqueness of the deprojection: different solutions
gave almost identical projected second-moment profiles.
Real kinematical measurements, however, include more
information than just the second-order velocity moments.
Indeed, nowadays one routinely measures the full line-of-
sight velocity profiles (VPs) of galaxies. In this paper, I use
simple models to investigate whether using VPs can place
stronger constraints on the intrinsic shapes of axisymmet-
ric galaxies. It is organized as follows. Section 2 describes
the deprojection problem in numerical terms and gives my
method of solution. Like RK, I use maximum penalized like-
lihood, but with a penalty function that trades off the ele-
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gance of their bias functions for comprehensibility and ease
of use. I also use an interpolation scheme that is better able
to handle the cusped density profiles present in real galaxies.
In Section 3, I demonstrate the effects that konus densities
have on the VPs of simple toy galaxy models. The discs in
real galaxies are not strict konus densities, so in Section 4 I
use models of some real edge-on discy ellipticals to investi-
gate whether their VPs would contain any signature of the
discs were they viewed closer to face on. Section 5 sums up
and suggests future work.
2 NUMERICAL SOLUTION OF THE
PHOTOMETRIC DEPROJECTION PROBLEM
For projected quantities, let us choose a system of co-
ordinates (x′, y′, z′) with origin O at the centre of the galaxy,
the Oz′-axis parallel to the line of sight to the galaxy, and
the Ox′-axis parallel to the galaxy’s projected major (mi-
nor) axis for an oblate (prolate) model. Real galaxies are
close to spheroidal, so assume that we are given discrete
measurements of the projected surface brightness distribu-












where m′i runs logarithmically between the radii of the inner-
and outer-most isophotes, θ′j is spaced linearly between 0
and pi/2, and q′ (1/q′) is the mean projected axis ratio of the
galaxy assuming it is oblate (prolate). Let Sij ≡ log I(m′i, θ′j)
and let ∆Sij be the corresponding measurement error (as-
sumed Gaussian).
We seek a three-dimensional luminosity density ρ(R, z),
which, when viewed at a given inclination angle i, projects
to an acceptable fit to this Sij . We expect this ρ(R, z) to be
roughly spheroidal, and to have a radial profile that is locally
well-approximated by some power law. Hence I represent
ρ(R, z) as R(m, θ) ≡ log ρ(m,θ) on an nm × nθ grid with
vertices at
Rij = mi cos θj
zij = qmi sin θj ,
(2)
where the intrinsic axis ratio q is related to q′ by q′2 =
q2 sin2 i + cos2 i, θj runs linearly from 0 to pi/2, and mi




of ρ(m,θ) between grid points are obtained by interpolat-
ing linearly in R and exponentiating. The calculation of the
model’s projected surface brightness Sˆij on the grid (1) is
outlined in the Appendix.













A reasonable model will have χ2 ' nm′nθ′ ±
√
2nm′nθ′ .
There will be many distributions Rij that will have a
value of χ2 in this range, but not all of them will be ac-
ceptably smooth. In addition, one would like the ability to
choose among the various acceptable solutions, for example
by preferring those with a given degree of disciness or boxi-
ness. Given these reasonable prior prejudices (let us denote
them as I), and an observed Sij , Bayes’ theorem gives the
relative plausibility of any set of Rij as
p(R | S, I) ∝ p(S | R, I) p(R | I), (4)
where the likelihood p(S | R) = exp(− 1
2
χ2) and the prior
p(R | I) expresses our preconceptions (smoothness, isocon-
tour shape) about the form of ρ(R, z). Taking the logarithm




χ2 + PI [R], (5)
where the penalty function PI [R] ≡ log p(R | I) penal-
izes those solutions that do not fit our smoothness and
isocontour-shape requirements.
2.1 The penalty function
One of the simplest ways of penalizing non-smooth solutions



















where Cm and Cθ are the weights given to radial and angular
smoothness and I have omitted some uninteresting constant
factors. Sensible values for the weights can be estimated as
follows. Consider a typical galaxy with ρ ∼ m−4 in the
outer parts, rolling over to ρ ∼ m−1 in the centre. Thus
∂R/∂ log m changes from −4 in the outer parts to −1 near
the centre, and so the first sum in equation (6) must be at
least 32/nm. Choosing Cm = −(2nm′nθ′ )1/2nm/λ2m, an in-
crease in the RMS change in ∂R/∂ log m by an amount λm
is considered as bad as an one-sigma increase in χ2 of
(2nm′nθ′ )
1/2. I choose λm = 3 for all the results in this
paper. Similarly, for the angular smoothing weight I choose
Cθ = −(2nm′nθ′ )1/2nθ/λ2θ. Since not much is known about
galaxies’ angular profiles, it is not so clear how to choose
λθ a priori, but experiments with real galaxies show that
λθ ' 0.5 is about right.
The shape (degree of disciness or boxiness) of ρ(m,θ)




ρ(m,θ) cos 4θ dθ, (7)
similar to the various definitions often used to quan-
tify isophote shapes (e.g., Jedrzejewski 1987; Bender &
Mo¨llenhoff 1987). At radii where the model is locally discy












favours solutions with c4 ' d±∆d, provided the observations
do not place strong constraints on c4. If on the other hand
the observations constrain c4 to lie outside the range d ±
∆d, Pshape biases the solution towards c4 = d, with the
parameter ∆d controlling the strength of the bias.
